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Abstract. Electromagnetic measurements of a general relativistic gravitomagnetic effect
can be done within the conductor embedded in a rotating gravitational object’s spacetime.
Neutron stars are rotating gravitational object that have strong magnetic field. The
gravitomagnetic effect in a neutron star can be determined from the distribution density in
the conductor. Neutron star is assumed as a conductor and it rotates rapidly. The
distribution density inside the conductor is obtained from the electromagnetic contravariant
tensor and the relativistic rotational speed of the conductor. It has obtained the distribution
density inside the conductor for the rapidly rotating neutron star. The results are compared
to the slowly rotating neutron star which depends on the angular velocity and the
gravitational field.
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1 Introduction

Many astrophysicists have studied the magnetic field and the magnetism of neutron stars
[1]. The discovery of neutron star as a pulsar has a strong magnetic field. Pulsar is a rapidly
rotating neutron star [2]. The magnetic field of pulsar can be seen from the emission of the
electromagnetic waves in the form of radio waves and X-rays [3]. Radio pulsars have magnetic
field of B~108G — 103G [2]. X-rays pulsars have magnetic field of B > 102G [1]. The
maximum magnetic field of an X-ray pulsar is B~10°G [4]. In general, the maximum magnetic
field of a neutron star is B~10%8G [5].

The magnetic field of a neutron star undergoes a change or magnetic evolution [4-8]. The
magnitude of the neutron star’s magnetic field can be reduced to the order of ~10™* than
before [9]. The cause of this change in magnetic field is the accretion process [6-14].

Theoretically, the magnetic field dynamics equation has been formulated for the slowly rotating
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neutron star [15] and the rapidly rotating one [16]. In the formulation of the magnetic field

dynamics equation, the neutron star can be assumed as a conducting object.

Apart from that as a conductor, neutron stars have very strong gravity. The energy of
gravity is Egray~ GM?/R ~5 x 10°3erg ~ 0,2 Mc?, with the gravitational acceleration on its
surface is g~ GM/R? ~2 x 10**cm s™2[1]. As conductors and gravitational objects, neutron
stars have gravitmagnetic field. There have been many studies on general relativistic
electromagnetic effects arising from the gravitomagnetic field in conductor without the external
magnetic field [17]. There have also been studied for the same case but with the external
magnetic field [18]. The conductor is the slowly rotating gravitational object. The results
obtained indicate the form of charge density in the conductor with the external magnetic field.
This charge density is affected by the angular velocity Q, gravitational field. The metric used in
this study is a metric for slowly rotating gravitational object [18], which can be used for the
slowly rotating neutron stars. The rapidly rotating neutron stars are also conductors and
gravitational objects. Therefore, it is necessary to know the general relativistic electromagnetic
effects arising from the gravitomagnetic field of this rapidly rotating neutron star, and how it is

compared to the slowly rotating neutron star.

2  Methods

The method used in this research is analytic theoretical-mathematical analysis. In order to
determine the gravitomagnetic effect, it can be seen from the charge distribution in the
conductor (py). The metric used is the rapidly rotating neutron star metric. Metrics are used to

formulate the Christoffel symbol (FZB), the 4-velocity vector for conductor (u*), and the

contravariant component of the electromagnetic tensor (F“B). The 4-velocity vector for
conductor (u*) is used to formulate the absolute acceleration of the conductor (w,). The 4-
velocity vector for conductor (u#) and the absolute acceleration of the conductor (w,) are used
to formulate the relative rotational velocity of the conductor (4z,). The charge distribution in
the conductor (py) is formulated from the contravariant component of the electromagnetic
tensor (F“ﬁ ) and the relative rotational speed of the conductor (4g.). The research procedure is

shown in Figure (1).
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The rapidly rotating neutron
stars metric (ds?)
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Figure 1. The research procedure
2.1 Metric, Christtofel Symbol, 4-velocity Vector for The Conductor
Equation (1) is a rapidly rotating neutron star metrics
ds? = —e??dt? + e?*r?sin? 0 (dg — wdt)? + e?%(dr? + r?de?), (1)

With the functions of ¢, 4, a, and w depends on the r and 6 [19]. The metric component is

-p 0 0 —q
0 kK 0 O
Juv = 0 0 I ol (2)
—-q 0 0 h
and the inverse is
—f1 o0 0 —X
w — 0 k1 0 0 3
g o o0 [t o | ®)
-X 0 0 -Y

with
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f(r,0) = e??; h(r,0) = e**r?sin?0; k(r,0) = e2%; I(r,0) = e?%r?;

p(r,0) = (f — hw?); q(r,0) = hw; X(r,0) = [~ w;

Y(r,6) = (f_fhhwz);Z(r, 0) = [—g = e®*2%+ 44 25in g, (4)

Metric equation (1) is used to formulate the Cristoffel symbol, including

1 1
Fé)o =1 Fé)s =0; F(?l = EZ,ri ng = 7 Zg; Iﬂ303 =0;

1 1
s = > [ftq, —Xh, |;T5 = 5 [fqe — Xhyg |;
3 3 3 1
[o0 = 0;I53 = 0; Iy = 5 [X Pyt YCI,r]J
3 1 3 1
=5 [Xq,—Yh,|;T5 = > [Xqe + Yhe |;

1
I35 =0;T5 = 0;T5) = 2 [Xp,e + YQ,G] (5)

Metric equation (1) is also used to formulate the 4-velocity vector for conductor, as
follows [16]

ut = =(1,00,/7), 6)

with the contravariance component is

wo((F-af)oogenm) o

2.2  The Contravariant tensor of the Electromagnetic Field

The relationship between the electric 4-vector field E* and magnetic B* is shown by the

electromegnetic field tensor. The covariance component of the electromagnetic tensor is
Faﬁ = 2u[aEB] + r}aﬁy(guVB‘s, (8)

where u* is the 4-velocity vector, and 74,5 is the pseudo-tensorial. The equation (8)

produces a covariant tensor component of the electromagnetic field of rapidly rotating
neutron star [20]
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Foo = F11 = F33 = F33 =0,
Fy; = —F; = —PE, — YwB?,
Fyy = —F,9 = —®Ey + YwBT,
Fo3 = —F30 = —®E,,

Fi, = —F,; = YB?,

Fi3 = —F3; = —~WB?,
F23 = _F32 = lPBr,
and the contravariant tensor of the electromagnetic field are

FOO — F11 — F22 — F33 =0
FOl — _F10 — ET/(D

FO2 — _F20 _ EG/CD

FO = —F3° =E%/,

F12 = —F?1 =B, /¥,

with

and

F13 = 31 = —((I)Bg + ‘Pa)ET)/qu)'
F?3 = —F32 = (0B, — YwE?) /¥,

¥(r,0) = (e2***r2sinf)/V1 - V?,

o(r,0) =e?/N1-V2,

2.3 Relativistic Rotation Speed in The Conductor

The absolute acceleration of the conductor (w,,) satisfies the equation (13)

W, = ugpuf = (ua,ﬁ - Fyﬁuy) ub.

a

(9.9)
(9.b)
(9.c)
(9.d)
(9.e)
(9.9)
(9.9)

(10.8)
(10.b)
(10.c)
(10.d)
(10.e)
(10.1)

(10.9)

(11)

(12)

(13)

Equations (5), (6), and (7) are substituted into the equation (13), obtained as follow

W, = —%Z’B (—\/g—q\/g)%—% [qug +Yh‘9] (—%‘Fh\/?)%

—~[f g6 — Xhg] (—\/5— q

Y

p

)

Y

p

1 q Y
—>[Xpo +Yqpe] (—75+ hﬁ)\/;

(14.9)
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(14.c)

Wy =0 (14.d)

The absolute acceleration of the conductor in the slowly rotating neutron star is only the
component w; # 0 [21]. Meanwhile, for the rapidly rotating neutron star component is

W,, Wi, Wy # 0.
The relative rotational speed of the conductor (4g,) satifies the equation

Ay = Ugp + Y[ (15)

pWal

Equations (6), (7), and (13a-13.d) are substituted into the equation (15), obtained as

follows

Agop = Ay = Ay = A33 =0, (16.a)

Ayp = —A4p = <ﬁ+ q\g)r —%<ﬁ+ q\/g) Wy, (16.b)

Az = —Ay = (\/5"‘ Q\/g)e _§<\/5+ Q\/§> w2, (16.c)

Agz = —A30 =0, (16.d)

Ay =—47,=0, (16.e)
— 4, =(-4 _(_a

Ayz = —Ag = ( 2+ m/?)m = 4 VY ) wi, (16.9)
— A =(_a _i(_a

A23 = A32 = ( \/5 + h\/?)le > ( \/5 + h\/?) Wsy. (169)

2.4 The Charge Density inside The Conductor

The charge distribution inside the conductor in general relativistics is
Ry . 1 . 1. -1 1 .
po="Hj2+ ;{GJ“).“ + [EZMRH (;JZ + A2V (Azue)> u“] — €RggAqpwjf +
; «

€ _1 1 _1 1
9 (R ¥ Aav) 5 = SW e — W N2V (Mou, ) + g (eA 2V (Azue)> +
' ;B

H[Aqp + €uRywojp + (E.uRHja),B]} (17)
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where j¢ is the conduction current, € and p is the parameter for the conductor, u, is the

electrochemical potential per unit charge, Ry, = 2mc/ne? is the parameter for a conductor
called as galvano-gravitomagnetic one, n is the consentration of conduction electrons, A is the
electrical conductivity, Ry is the Hall constant, and V£ denotes the spatial part of the covariant
derivative [18][21].

The charge density p, in a conductor that has no conductive current j = 0 but is
embedded in the external magnetic field B is [18][21]

po = ——{eAw? — (eAw®), + F*F Ag,}. (18)

Equation (18) has two contributions, the first is due to the absolute acceleration w, and the
second is due to the relativistic rotation rate of the conductor Ag,, and A is the parameter for the

conductor [18][21]. In this case, it does not consider the redistribution of charge arising from the
absolute acceleration of the conductor because it does not depend on the characteristics of

electromagnetic field so that the charge density inside the conductor is assumed to be [18, 21].
1

po = —5-(F% Aup) (19)

Equation (10.a-10.g) and (16.a-16.9) are substituted into the equation (19), obtained as follows

1
Po=—5- [FOlAgy 4+ FO%Ag, + F13A15 4+ F23A53]

(o, o) (1)
%(\/E+q\/§)w2>+ (- (BEerter)) ((—%+h\/7) —1(—%+h\/?)w1)—

ro 2

((cl>39+lwaT)) + ((dDBr—LPwEQ)) ((_ % n h\/?) ) _ % (_ 4.4 h\/?) Wz)] (20)

wo wo N

If it is compared to the slowly rotating neutron star shown in the equation (20), then the
equation (19) has more complex shape. For the slow rotation, the charge density in the
conductor depends on the angular velocity Q and the gravitational field [18]. For the slowly
rotating general relativistic effect can be amplified by the interaction between the
gravitomagnetic field and the magnetic field. In this study, it uses a test or trial, which is an
Earth’s gravitational field using a conductor embedded in an external magnetic field [18]. The
conclusion is that there is a galvano-gravitomagnetic effect (interaction between the
gravitomagnetic field and the electric current). This new effect occurs when the current carrying
conductor is placed in the gravitomagnetic field and the conduction electrons move inside the
conductor [18]. The equation (19) contains an angular velocity Q (i.e. in a function of V) and a
gravitational field. However, because the equation (19) has more complex shape. So, in order to

determine the gravitomagnetic effect in the future, a certain measurement method is needed. In
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this article, it only presents the theoretical study of a rapidly rotating spacetime as the

comparison for the slowly rotating spacetime.

3 Conclusion

The electromagnetic measurements of the general relativistic gravitomagnetic effects can be
done inside the conductor embedded in a rotating gravitational object’s spacetime. The deep
gravitomagnetic effect can be discovered from the distribution density in the conductor. In this
case, the conductor embedded in the rotating gravitational object’s spacetime is the rapidly
rotating neuron star. The distribution density in the conductor for the rapidly rotating neuron
star is shown in the equation (19). The obtained results are compared to the slowly rotating
neutron stars. If it is compared to the slowly rotating neutron star shown in the equation (20),
then the equation (19) has more complex shape. However, the distribution density in the
conductor still depends on the angular velocity and the gravitational field which the same as the
slowly rotating that indicates the galvano-gravitomagnetic effect. In the slow rotation studies, it
has been proven using test or trial of the Earth’s gravitational field using the embedded
conductor in the external magnetic field. For the future study, it is desirable that certain

measurement methods are required for the rapidly rotating neutron stars.
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