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1. INTRODUCTION

A theory of sequence spaces is a branch in mathematics that is growing quite rapidly and has
applications in many fields, such as computation [1], crystallography [2], economics, and many others
([3], [4]). Therefore, the theory has received much attention from many researchers.

Research on sequence spaces can be carried out in several ways, such as by modifying their
membership conditions or forming a new sequence space from a certain space by utilizing a certain
function, matrix transformation, or any others. In this paper, we will discuss some sequence spaces
that are formulated by utilizing an infinite transformation matrix. The such sequence spaces are called
matrix domains [5]. In [5], Maddox discussed about the characterization of a mapping of a sequence
space by some classes of the matrix transformations.

A matrix domain of sequence spaces is a very interesting topic in the theory of sequence spaces ( [5],
[6]). Apart from discussing the matrix domain, Malkowsky [6] also discussed a BK-space, that is a
Banach space with continuous coordinate functionals. One knows that a BK-space is a key in matrix
domain area. This is due to the fact that the BK-condition for any sequence space X gives
characterization for the g-dual of the matrix domain of X [7].

Many researchers constructed a domain matrix of sequence spaces, such as bv and [,, sequences

spaces, by using triangle infinite matrices. Some of the reasons are the existence of the inverse of
triangle infinite matrix and the transformation of triangle matrix to any sequence. Some triangle
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infinite matrices that are often used include the Cesaro mean of order one, generalized weighted mean,
and Riesz mean [8]. In [8], the characterization of the matrix transformation classes of the matrix
domain of bv sequence spaces are discussed as well. In this paper, the terminology of the bv sequence
space refers to the space of all sequence of bounded variation.

The bv sequence space is very interesting to discuss. In fact, the bv sequence space contains [;, that
is the space of all sequences of real numbers whose sums are absolutely convergent, and c, that is the
space of all convergent sequences of real numbers. In addition, the bv sequence space is a matrix
domain of [; sequence space which is obtained by using a certain triangle matrix.

Following the descriptions in the previous paragraphs, we discuss infinite matrix operators on the bv
sequence spaces. In addition, we also examine the matrix domain of the bv sequence space and
observe its properties.

As we know that any linear space has a corresponding space that is called a dual space. Dual vector
spaces have important roles and applications in many branches of mathematics that use vector spaces.
Particularly, when we apply to vector spaces of functions, dual spaces are used to describe measures,
distributions, and Hilbert spaces. Consequently, the dual space is a very important concept in
functional analysis. Let w, cs, and bs be a set of all sequences of real numbers, a set of all convergent
series, and a set of all bounded series, respectively. Following [8], the a-dual, the g-dual, and the y-
dual space of any sequence space X, each is denoted by X%, X5, X7 are defined as follows:

*={a€ew: ax €l forallx € X }
X ={aew: ax € cs, forall x € X } and
XY ={a€w: ax € bs, forallx € X }

Apart from being applicable to some fields mentioned above, of course dual spaces have many other
uses. In this paper, we apply a dual space to characterize a mapping of a sequence space by some
classes of matrix transformations.

2. METHOD

In this paper, the symbol w is always meant as a collection of all sequences of real numbers. A norm
space X c w is called a BK-space if X is a Banach space and for every n € N, the canonical function
P,: X > R, where P,(X) = x,, X = (x,) € Xis continuous [6]. We also define the following
sequence spaces:

bv={f€w: lek+1—xk|<oo}andbv0={fe(u: Ilimxk=0}.
k=1

It is easy to check that both of them are Banach spaces with respect to the norm

I = sl + ) s — x|
k=1

Study about sequence spaces is closely related to infinite matrices [9]. Let A = (a,x) and B =
(bny) be any infinite matrices. We define the multiplication AB as a matrix (c,;), where

Cnk = Z anj bji (1)
j=1
whenever the summation in the right side of (1) exists for every n € N. An inverse of an infinite
matrix A = (a,;) is an infinite matrix B = (b,,;) such that AB = I, where
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1 0 00
—[0 1 00 -
0 10

0
The matrix [ is called an identity matrix. An infinite matrix A = (a,;) is called a triangle matrix if
foreveryn > 1, a,, # 0and a,, = 0forall k > n[10]. Every triangle matrix has an inverse and

its inverse is also a triangle matrix. Further, if A triangle and B is an inverse of A, then we can show
that B is unique and BA = AB =1 [9].

Let A be any infinite matrix and x € w. We define A(Xx) = (4,(x)), where A,(x) =
Ve Ank Xi for every n > 1, provided Y-, an x exists for all n > 1. In fact, for any triangle
matrix A and any x € w, A(X) exists [9].

Let X and Y be any sequence spaces, both are subsets of w. An infinite matrix A defines a matrix
transformation from X to Y, denoted by A: X — Y, if forevery x € X, A(x) exists and A(x) € Y
[11]. It clear that any Matrix transformation is a linear operator [8]. A collection of all matrix
transformation from X to Y denoted by (X : V).

The following lemmas and theorems can be found in [8].

Lemma l Let X © w be a sequence space and A an infinite matrix. The set X, =
{x € w : A(X) € X} is a normed space with respect to [|x||x, = [|AGX)|lx.

Theorem 2.1 Let X, Y c w be sequence spaces. If A is an infinite matrix and U is a triangle matrix
such that UA exists,thenA € (X : Yy) © UAe (X: Y).

Lemma 2 Let A = (a,;) be an infinite matrix. The following statements hold:
() A€ (LL: le) & suplag| <oo.

kn=1

(iA e (ly: ¢c) © suplay| < oo andforevery k > 1 there are real number «;, such that

kn=1
lima,, = ay.
n—-oo
(iA € (I : ;) © supXpqlank| < oo.
>

We also observe the following lemma.
Lemma 3 The space (bv, ||-lp,) is isomorphic to the space (I3, II-l;,)-
Proof. Notice that a matrix transformation T : bv — [, where

1 0 0 O
=134 VY )@ zeby,

0
is an isomorphism.

3. RESULT AND DISCUSSION

In this section we discuss matrix domains of the sequence spaces by some matrix transformations.

Let A be any infinite matrix. The matrix domain of bv by A, denoted by bv, or bv(A), is defined as
bv(A) ={x e w: A(X) € X}.

If A is a triangle matrix, then bv(A) is a normed space with respect to [[X|l,yca) = 4G ||y -
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For any triangle matrix A, the spaces (bv(4), ||-||b,,(A)) and (bv, ||-]l,) are isomorphic. It is proved
in the following theorem.
Theorem 3.1 Let A be a triangle matrix. The space (bv(A4), |I*llpu(ay) is isomorphic to (bv, [-ll,,)-

Proof. Since A a triangle matrix, then A(x) exists. So, we can define a function T : bv(4) —» bv by
T(x) = A(%), x € bv(A).
Itisclear that T is a linear mapping. Forany x € bv(A), we have ||T(X) ||, = |AG by = 1%l pyca)-
It means that T is an isometri. Since A is a triangle matrix, then the inverse of 4, i.e. A™1, exists and
it is also a triangle matrix [9]. For any ¥ € bv, we can take ¥ = A~1(¥) [9]. Since A(x) = ¥y € bv,
then we obtain x € bv(A4) and T(x) = y. So, T is surjective. Thus, T is an isomorphism.

Following Lemma 3 and Theorem 3.1, we have the following corollary.
Corollary 3.1 For every triangle matrix A, (bv(A), |I-lpp(ay) is isomorphic to (1, [I-ll;,).

For any triangle matrix A, the transformation A: bv(A) — bv is continuous. It is shown in the
following theorem.

Theorem 3.2 Let A be a triangle matrix. Then A is a continuous mapping from (bv(A4), IIllyv(a))
onto (bv, [[|lpv)-

Proof. Take any X € bv(A) and any € > 0. Forany y € bv(A),

NAGE) — AO) Iy = 1A = Wby = 1X = Yllpva) -
By choosing 6 =& >0, we have ||A(x) — Ay <&, Whenever [lx — yllpyay < 6. These
complete the proof.

Next, we prove that for any triangle matrix A, bv(A) is a BK-space.
Theorem 3.3 If A is a triangle matrix, then (bv(4), ||-||bv(A)) is a BK-space.

Proof. By considering Theorem 3.1 and the completeness of bv, then (bv(A), ”'“bv(A)) isa
Banach space. Therefore, the remain we have to show is the continuity of the canonical mapping
pn:bv(A) > R foreveryn € N.
Take any X,y € bv(A), then A(X — y) € bv. Since A is triangle matrix, then A1 = (b,,;)
exists, A”T1(A(x — ¥)) = x—¥y,and A(x — y) € bv € . Further, for any integern > 1,
n

n
> b 4@ = 7)| < 1AG =Dl b
k=1 k=1

|pn (%) — PN = lxp —ynl =

n
<117 = Floca) ) Il
k=1

Let € > 0 be an arbitrary. By choosing § = —;
k=1|bnk|

whenever ||x — ¥|lp,4) < 6. Thus, p, is continuous for every natural number n > 1.

1

g > 0, then we obtain |p,,(¥) — p, ()| < &,

3.1 The matrix domain of bv induced by the Cesaro matrix

1
. . . - <k<
Let C be the Cesaro matrix of order 1, i.e. C = (¢,x) With ¢, = {n , 1sks " AS we
0, k>n
mentioned before, the matrix domain of bv defined by using the triangle matrix C is bv(C) =

_1n\k
{x €ew:C(x) € X}. Note that if we take x = (%) then ¥ € bv. However, since C(x) =

_1\k
(% ’,}:1( ;) ) € bv, thenx € bv(C). So, we have proved that bv(C) € bv.

Let C be a Cesaro matrix of order 1, i.e.
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1 0 0 0 - 1 0 o0 0 -
1/2 1/2 0 0o -- -1 1 0 0 -
=113 1/3 1/3 0o - |andAa=|0 -1 1 o0 -
1/4 1/4 1/4 1/4 - o 0 -1 1 -
If ® = AC, then
1 0 0 -
1+ ! 0
- > > |
1+1 1+1 1 ..
\ 2.3 2.3 3 /
Next, the inverse of the matrix C and ® are €~ and &~ respectively, where
1 0 0 o - 1 0 0 0 -
-1 2 0 0 - 1 2 0 0 -
ct=l0 -2 3 0 lad®t=|1 1 3 0 - |.
4 - 1 1 4

\ 0 0 _3 .../
We recall what so called Schauder basis of any sequence space X (See for e.g. [8]). Let X be a

sequence space. The sequence (by) in X is called a Schauder basis of X, if for each x € X there exist
a unique sequence (ay) of scalars such that x = Y.;_; ay by.

1

Given a sequence t®®) = (t,(lk)) € bv(C) for all k> 1, where tP =0(1<n<k), t& =
D"k k

(k<n<k+1)and t,(lk) =0 (n > k + 1). The following theorem shows that the sequence (t*))
is a Schauder basis of bv(C).

Theorem 3.4 Given a sequence t®) = (t,(lk)) € bv(C) for all k > 1, which is where t(k)

0(1<n<k), tP =(-D)"* k(k<n<k+1)andt%® =0 (n >k + 1). The sequence (t®)
is a Schauder basis of bv(C).

Proof Let X € bv(C) be an arbitrary, then C(x) € bv. For each k > 1 defines a;, = C,(x) =
- k_, x;. Note that for any fixed k > 1,

k
t® = (¢0,689,e09,..) = <0, 0,0,...,0,k,—k,0,0,0, )
k-1

Then ¢ (t®) = (0, 0,0,..,0,1,0,0,0, ) = e® I for any natural number m > 1, we define
k-1
M = ym g t®) then ™ € bu(C). Further, C(x —xm) =

(O,O,O,...,0,am+1,am+2,am+3, ) for every m> 1. Let ¢ > 0 be an arbitrary. Since
m

Yr=1lCry1(X) — Cr(%)| convergent, then there exists a number m, € N such that for each m € N
with m > mg, we have Y7+ 1|Crqq (%) — Ck(af)l < €. These imply

(= ,g(m)”bv(c) = |lc@ - x|, Z |41 — ax| = z |Crs1 () — C ()| < &,

k=m+1
for every m > mq. Thus, ||z — ™|, < €, " for all m > my, then lim ™ = %. So,

m—oo
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m oo

¥ = lim x™ = lim ) a,t® = Z ay t5)
m-—0oo m-—0oo
k=1 k=1
The uniqueness of the sequence (a;,) follows from the definition of (¢ ®?). Hence, the sequence (t™)

is a Schauder basis of bv(C).

Note that for each k > 1, C(t®) = e® € c,. This means t® € ¢o(C). So, the sequence (t®) is
a Schauder basis of bvy,(C) = bv(C) N ¢y (C).

The Schauder basis of any sequence space is not unique. Another Schauder basis of bv(C) is given
in the following theorem.

Theorem 3.5 Given a sequence t) = (t,(lk)) € bv(C) for all k > 1, which is where t,(lk) =

0(1<n<k), tP =km=k),and ! = 1 (n > k). The sequence (¢™) is a Schauder basis of
bv(C).
Proof. Let x € bv(C). By defining a;, = &, (x) for every k > 1, then the assertion follows.

Definition 1 For any a € w, we define the matrices B = (b,,) and D = (d,,;) as the following:
(1) by =ap, if1< k < n, by, =nay,,and by, = 0,if k > n, and
(i) dnx =k ap + 210 (1< k < n), dyy=na, (k= n), anddy, =0 (k > n).

We also define

e

d1={dEa) : sup | Dy | <00}, d, ={d€w : lim dyy exist,forallkZl},and
k=1 n—-oo
o~

ds ={c‘1€w: sup |duxl <00}.
knz1
Further, we prove the following theorems.
Theorem 3.6 Let B = (by,;,) be a matrix as given in Definition 1. Then [bv(C)]* = d,.

Proof. Let X € bv(C),theny = ® (x) € ;. Foreachn > 1, we have

n-—1
Bn(y) =an <nYn + ZYR) = dn Xy .

k=1
So, B(¥) = ax. These imply, ax € [, if and only if B(y) € ;. As a consequence, we obtain that
a € [bv(C)]*ifandonly if B € (I, : l,). Therefore, by Lemma 2, we get x € [bv(C)]* if and only

if sup Yo—1 | b | < oo. This gives us a result that [bv(C)]* = d;.
k=1

Theorem 3.7 Let D = (d,;) be a matrix as given in Definition 1. The g-dual of the space bv(C) is
the setd, N ds.

Proof. Forany x € bv(C), y = ® (x) € ;. It holds also that

n k-1 n
D,(y) = Zak k yi +ZJ’]' = Zakxkf
k=1 j=1 k=1
foreveryn > 1.So, D(¥) = ( XF=1 ax Xi). Therefore, we get a statement that ax € cs if and only
if D(3) € c, which implies @ € [bv(C)]# if and only if D € (I;: ). Therefore, by Lemma 2. we
find that @ € [bv(C)]¥ if and only if Tlll—>n;>10 dn existforall k > 1and sup |dx| < oo. This proves

kn=1
that [bv(C)]? = d, n ds.
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Theorem 3.8 The y-dual of bv(C) is the set d5.

Proof. Notice that forany x € bv(C),y = ® (x) € ;. Since foreachn > 1, Y.7_; a, x; = D, (¥),

then ax € bs if and only if D(y) € [.. This implies a € [bv(C)]" if and only if D € (I; : ly).

Further, by following the Lemma 2. we find that a € [bv(C)]Y if and only if sup |d, x| < . Thus,
kn=1

[bv(O] = ds.

The following theorem states inclusion relations in bv,(C).
Theorem 3.9 The following relations are true.
di € [bre(O)]%, dy N d3 S [by(0)]P, d; S [bvy(CO)]".

Proof. Note that bv,(C) S bv(C). First, we will show that [bv(C)]* € [bvy(C)]*. Let a €
[bv(C)]%, then for each X € bv(C) we have ax € ;. Especially, for each X € bv,(C) we have ax €
l;, s0 @ € [bvy(C)]%. In the same way, it is obtained that [bv(C)]? € [bv,(C)]# and [bv(C)]Y <
[bvy(C)]". Since [bv(€)]* = dy, [bv(C)]? = d, N dsand [bv(C)]Y = ds, then the assertions
follow.

Next, we discuss some characterizations of the matrix transformation classes of the space bv(C),
which are presented in the following theorems.

Theorem 3.10 Let Y be any sequence space and A = (a,) and E = (e,;) infinite matrices such that
k,n > 1holds ey, = k any + Xjip+1 anj. The matrix transformation 4 € (bv(C) : Y) if and only
if (@) € [br(C)]P foreveryn > 1andE € (I, : Y).

Proof.

(=)Take any x € bv(C). Since A € (bv(C) : Y), then A(x) exists and A(x) € Y. Therefore, for
eachn > 1, ¥, anx X is convergent, so (a,,)x € [bv(C)]8. Further, take any ¥ € [;, then there
exists x € bv(C), such that y = ®(x). For eachn > 1, we have

%] %] k—1 %] (o) %]
An(f)=zankxk=zank k}’k+ZJ’j =Z k an, + Z Anj Yk=zenkYk
k=1 k=1 =1 k=1 j=k+1 k=1
= E, ().

Therefore, A(x) = E(y). Thisis followed by E € (I; : Y).

(=)Let x € bv(C). Since for eachn > 1, (a,)x € [bv(C)]5, then X2, a,x x, is convergent, or
in other words A(x) exists. Since A(x) = E(y) forall y € [; and also E € (I; : Y), then we have
A(X) € Y. So, we have proved 4 € (bv(C) : Y).

Theorem 3 11 Let B = (by) and F = (fy) be infinite matrices such that f;, = by, and f, =

%bn e 1)2 bjk for every n> 2,k > 1. Then for any sequence space Y, B € (Y:
bv(C)) & F € (Y: Ly).
Proof.

(=)Lety € Y.Since B € (Y : bv(C)), then B(¥) exists and B(y) € bv(C). By applying @, we get
® (B®)) € L. Note that @ (B(7)) = Xy by yi = F1(9) and

n—-1 oo
o, (B()_’)):Ez nk Yk — 1)22 kYk:Fn(y),
k=1 j=1k=1

for every n > 2. These imply F(¥) = ®(B(¥)),s0 F(J = ®(B(¥)) € l;. Thus, F € (Y : Ly).
(&=)Lety € Y.Since F € (Y : l,),then F(¥) existsand F(y) € ;. Since F(¥) = ®(B(y))and F €
(Y : 1), then ®(B(3)) € L;. This implies B(¥) € bv(C).

3.2 The matrix domain of bv defined by the Riesz matrix
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0, k>n
Qx = Zle qj. The matrix R = (1) is called a Riesz matrix or Riesz mean. If ¥ is a matrix defined

by W = AR, then ¥ is a triangle matrix and
1

Q_1Q1
( 1 1 ) 1 0
v=1\g, o/ o*®
( 1 1 ) ( 1 1 ) 1
0s /T \gs @) "
We observe the following inclusion theorem.
Theorem 3.12 It is true that bv(C) < bv(R) for some Riesz matrix R.

Proof. Letx € bv(C) be an arbitrary, then C(x) = (%Z;‘zlxk) € bv.Forevery k > 1, choose q;, =

1, then Q, = Zle 1 = k. Furthermore, for the related Riesz matrix R, we find
n

1
R(x) = (an qx xk> (an ): C(x) € bv.

This implies x € bv(R), hence bv(C) S bv(R).

Let g, > 0 for every k > 1. For any k,n > 1, we define 1, = {Qk , Where

0 0

(-Dk

Generally, bv(R) € bv. Notice that y = ( ) € bv(C). It can be shown that y € bv(R), where
R is the Riesz matrix as defined in the proof of Theorem 3.12. However, y ¢ bv.

Letg, > 0and Q;, = Z?":l q;j forany integer k = 1. If for every integer k > 1, the sequence

n-k
£ = (t,(lk)) satisfies t ) = 0 (1 < n < k), £ = E 1) g k<n<k+1),andt®P =0mn>
k + 1), then t® € bv(R) for every k > 1. It is easy to check that the sequence (¢t®) is a Schauder

basis of bv(R). We observe also that the sequence (t®), where t* =0 (1 <n<k), t& =
qun (n = k),and t%° = qi(Qn —Q,_1) (n> k), is a Schauder basis of bu(R).

Next, we will be formulated some characterizations of a matrix transformation classes of the space
bv(R).
Theorem 3.13 Let g, > 0 and Q, = leqj for all integer k > 1. If A = (a,) and E = (e,y) are

nk

infinite matrices such that e, = (Z_Qk + ‘J’-‘;kﬂ?(Qj — Qj_l) for every k,n > 1, then for any
k J

sequence space Y, the following statements are equivalent.

(i) Ae (bv(R): Y).

(i) (@) x € [bv(R)] foreveryn > 1and E € (I; : Y).
Proof.
(i) = (ii) Take any x € bv(R). Since A € (bv(R) : Y), then A(X) existand A(x) € Y. Therefore,
foreveryn > 1, Y7, anx X is convergent, so (an,)x € [bv(R)]?. Take any y € I;, then there exists
X € bv(C) such that y = W(x). Since for everyn > 1,

) o0 1 [ee] [o0)
Ap(x) = z Ank Xk = An1 —Q1y1 + Z Ank (Qk Qk-1) z yj+ Qk}’k = z enk Yk
k=1 4 k=2 k=1

= En(9),
then A(x) = E(y). These imply E(¥) € Y foreveryy € l;,i.e. E € (I, : Y).
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(ii) = (i) Let x € bv(R) be an arbitrary. Since for each n > 1 satisfy (a,;)x € [bv(R)]?, then
V=1 Ak X 1S cONvergent, or in other words A(x) exists. Since, A(x) = E(y) forally € [; and E €
(l4: Y), then A(x) € Y.So, A € (bv(R) : V).

Theorem 3.14 Let g, > 0 and Q, = XX, q; for all integer k > 1. If B = (by) and F = (fy,y) are

P . _ 1 _ 1 1 -1 1
infinite matrices such that f;, = Q_l‘hblk and fpx = (Q_n — E> 219 b + 0. In by, for every

k,n > 2, then for any sequence space Y,
Be(Y: bv(R)) & Fe(Y: L.
Proof.
(=) Lety €Y. Since B € (Y : bv(R)), then B(¥y) exist and B(¥) € bv(R). Further, by applying

W, we find W(B(9)) € ;. Notice that ¥; (B(¥)) = Qiql > bk Vi = F1(¥) and
1
1

v, (B(O) = <Qn in_l)nilqj i bjk yi + Qinq"i bk Yi = Fu(¥),
FE = k=1

foreveryn > 2.So, F(¥) = W(B(¥)) € I, foreach y € Y. This implies F € (Y : L;).
(&=)Lety eY.SinceF € (Y : 1), then F(¥) existand F(y) € l;. Since, F(¥) = Y(B(¥))and F €
(Y : 1), then W(B(¥)) € Ly. This implies B(¥) € bv(R). So, we obtain B € (Y : bv(R)).

3.3. The matrix domain of bv with the Generalized Weighted matrix
Let u;, and v, be non zero real numbers for all integer k > 1. The matrix G = (gnx),

_{unvk, 1<k<n
Ink =10 , k>n

is called a generalized weighted matrix. If I' = AG, then

UV 0 0
[ = (uy — wy)vy Uy 0
(uz —ux)vy  (uz —upx)v, UsVs

By following the Theorem 3.1, we find the fact that [; = bv = bv(C) = bv(R) = bv(G), i.e.
the sequence spaces I, bv, bv(C), bv(R) and bv(G) are isomorphic each other. In the next
theorem, we prove the inclusion relationship between the sequence space bv, bv(C),
bv(R) and bv(G).

Theorem 3.15 For any Riesz matrix R, there exists a generalized weighted matrix G such that
bv(R) € bv(G).

Proof. Let g, be any positive real number and Q; = Zle q; forevery k > 1. Suppose that R
is a Riesz matrix related to (q;) and (Qg). Take any x € bv(R), then R(x) = Qinz’;;:l qx Xx € bv.
By defining matrix G = (gnx) by

q—k, 1<k<n
gnk: Qk )
o0 , k>n

then we obtain G(x) = (u, Xi=1 Vk X) = (Qiz’,gzl qx xk) = R(x). It means, x € bv(G). So, the
assertion that bv(R) < bv(G) is proved.



Journal of Research in Mathematics Trends and Technology Vol.6, No.2 (2024) 057-068 66

Next, defines the space bvy(G) = {X € w : G(X) € bvy} and ¢y(G) = {x € w : G(X) € ¢y}
Note that bvy(G) = bv(G) N ¢y(G). Next, given definition of Schauder basis and will be shown two
Schauder basis of bv(G), which is presented in the following theorem.

Theorem 3.16 Suppose that for every k > 1, u, # 0, v, # 0, and t®) = ( ("")) € bv(G) is a

n-k
sequence defined by t) = 0 (1 < n < k), t® = (ul)
kY

1). Then the sequence (t®)) is a Schauder basis of bv(G).

(k<n<k+1),andt® =0m>k+

Proof. Take any x € bv(G). For every k =1, define A, = G, (%) = uy Zle v; x;, then x =
¥ A t®. S0, the sequence (t®)) is a Schauder basis of bv(G).

Theorem 3.17 Suppose that for every k > 1, u, #0, v, = 0, and t( = ( (k)) € bv(G) is a

sequence defined by t,(lk) =0(1<n<k), t,(lk) —— (n=k), and t(k) o (ui— - ) (n>
n n-—1

k). Then the sequence (t®)) is a Schauder basis of bv(G).

Proof. Let x € bv(G). For every k = 1, choose a; = I,(x). By analog with Theorem 3.4, X =
¥ a;, t®. Hence, the sequence (t(®) is a Schauder basis of bv(G).

In the next theorems, we present some characterizations of the matrix transformation classes
of the space bv(G).
Theorem 3.18 Let u;, # 0 and v, # 0 be non zero real numbers forall k > 1, A = (a,) and E =

(l— ) for every k,n > 1. For any

a
(ene) infinite matrices such that ey = 2352, 41 -2 o

Vj
sequence space Y,
A€ (bv(6):Y) & (ayu)k € [bv(G)]f foreveryn>1andE € (I;: Y

Proof.

(=) Letx € bv(G), then A(x) exist and A(x) € Y. Therefore, for every n > 1, it is true that
Y% 1 Gk X IS convergent. So, we obtain that (a,)x € [bv(G)]P. Further, take any y € ;. Then
there exists x € bv(G) such thaty = F(JE) Since,

0o k-1 ]
_ ani
An(x)z Zankxk_ = y1+ zank _< ) y}+ =Zenkyk
k=1 Vk Uie-17 4= =
= j=1 k=1

= E,(¥)
for everyn > 1, then A(X) = E(¥). Since, A(x) € Y, then E(y) € Y. Hence, E € (I, : Y).

(&) Let x € bv(G). Since (an)x € [br(G)]P for every n > 1, then Y52, a, x) is convergent.
Hence, A(x) exists and A(x) = E(y) € [;. So, we have proved that A € (bv(G) : Y).

Theorem 3.19 Let u;, # 0 and v, # 0 be non zero real numbers for all k > 1, B = (b,) and F =
(fux) infinite matrices such that fi, = 1y vy byg and fre = (U — Up—1) L721 Vj by + up vy by for
every n = 2. Then for any sequence space Y,

Be(Y: bw(G) = Fe(Y: L.

Proof.
(=) Let y€Y. Since B € (Y: bv(G)), then B(y) exists and B(¥) € bv(G). This implies
I (B() € L. Since, I1(B(3)) = uy v1 Xizq bix yi = F1(§) and
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L(BG) = (tn = tnes) ) 5 ) Beyie +ttn v ) b Ve = Fa()
j=1 k=1 k=1

S

for every n > 2, then F(y) = T(B(¥)) € l,. Hence, F € (Y : Ly).
(=) Lety €Y.SinceF € (Y : 1;),then F(y) existsand F(y) € l,.Since F(y) =T'(B(¥))and F €

(v :

l,), then we obtain T(B(¥)) € L;. This implies B(¥) € bv(G). So, B € (Y : bv(G)).

4. CONCLUSION
Some characterizations of the matrix domains of the bv sequence space that are defined by several
triangle infinite matrices, namely the Cesaro mean of order one matrix, the Generalized Weighted
matrix, and the Riesz matrix, have been formulated. Several things related to the matrix domain, such
as isomorphism of sequence spaces, inclusion relations of several matrix domains of a sequence
space, BK-spaces, Schauder bases, a-duals, g-duals, and y-duals, are also deduced.
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