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Abstract. The Cesàro operators C are investigated on the class E-valued sequence spaces
c0(E), c(E) and `∞(E) with E is a Riesz space. Besides, we also carry out that C are order
bounded operators.
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Abstrak. Operator Cesàro C diteliti atas kelas ruang barisan bernilai-E c0(E), c(E) dan
`∞(E) dengan E merupakan ruang Riesz. Selain itu, juga diperoleh bahwa C merupakan
operator terbatas terurut.
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1 Introduction

The operator that acting on sequences on functions based on an averaging process is called the

Cesàro operator. This operator have been studied in a variety of Banach spaces [1, 2]. For the

Fréchet spaces, that is generalization of Banach spaces, this operator also studied [3]. Moreover,

by using the convergence topology in non-negative real number, the Cesàro operator studied in

the real non-negative sequence spaces and in the quojection Fréchet spaces [4]. When X has an

order structure, Herawati [5] introduced space of sequence in X and studied some properties by

using the order convergence. In the present paper, by using the certain type of the space in [6]. We

analyze the order continuous of the Cesàro operator and show this operators are order bounded.

Throughout the sequel, we denotes E as a Riesz space and its cone positive by E+. A Riesz space

E is called order complete, if every non-empty subset of E has a supremum and an infimum. The

notation xn ↓ is used for decreasing sequence in E and xn ↓ x0 proved xn ↓ and inf(xn) = x0 exists

in E.
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A sequence (xn) in E is said order convergent to x0 in E, if there exists a sequence (pn)⊂ E with

pn ↓ ϑ and |xn−x0| ≤ pn for each n, written as xn
ϑ−→ x0. A sequence (xn)⊂ E is said to be order-

Cauchy, if there exists pn ↓ ϑ in E and |xm− xn| ≤ pn for all m ≥ n ≥ 1. If every order-Cauchy

sequence is order convergent, then E is called order-Cauchy complete. For all this notation, we

refer to [7]. We shall write Ω(E) and Φ(E) for the vector space consisting of all sequences and

finitely non-zero sequence from a vector space E, respectively.

Furthermore, the collection of all linear operators from a Riesz space E to another Riesz space

F , denoted by L(E,F), and the subspace of L(E,F) consisting of all order bounded operators,

denoted by Lb(E,F). The σ -order continuous operators denoted by Lso(E,F) and this space is a

subspace of Lb(E,F).

Concerning the above spaces, we have

Theorem 1. (see [5])

(i) If E is an order complete, then Λ(E) and Φ(E) is also an order complete.

(ii) The Riesz subspace Λ(E) of Ω(E) order complete if and only if it is ideal in Ω(E).

Theorem 2. (see [5])

If (Tn) is an increasing or decreasing sequence of operators in Lb(E,F) such that Tnx ϑ−→ T x for

x ∈ E and for some T ∈ L(E,F), then

T ∈ Lb(E,F) and Tn
ϑ−→ T in Lb(E,F).

2 Cesàro Operator on Special Case of Λ(E)

Let E be a Riesz space, the non-absolute type E-valued sequence space is special case of E-valued

sequence space Λ(E), given as follows

c0(E) =
{

x = (xn) ∈Ω(E) | xn
ϑ−→ ϑ in E

}
c(E) =

{
x = (xn) ∈Ω(E) | there exists x0 ∈ E such that xn

ϑ−→ x0

}
`∞(E) =

{
x = (xn) ∈Ω(E) | there exists x0 ∈ E such that sup

n≥1
{xk}= x0

}

It is easy to verify that E-valued sequence space c0(E) and `∞(E) are ideals in Ω(E) and c(E)

is a Riesz subspace of Ω(E). Furthermore, if x = (xn) ∈ Ω(E), the operator C : Ω(E) −→ Ω(E)

defined by

C(x) =

(
x1,

x1 + x2

2
, · · · , x1 + x2 + · · ·+ xn

n
, · · ·
)

=

(
1
n

n

∑
k=1

xk

)∞

n=1

is called Cesàro Operator.
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Theorem 3.
Let E be a Riesz space and x = (xn) ∈Ω(E), then x ∈ c0(E) if and only if C(|x|) ∈ c0(E).

Proof.
For proving the necessity. Let x ∈ c0(E), then xn

ϑ−→ 0, so there exists a sequence pn ↓ ϑ in E

such that |xn| ≤ pn for each n. Since

C(|x|) =

(
1
n

n

∑
k=1
|xk|

)∞

n=1

and for every n ∈ E
1
n

n

∑
k=1
|xk| ≤ pn,

it follow that
1
n

n

∑
k=1
|xk|

ϑ−→ 0

for every n. Therefore C′(|x|) ∈ c0(E).

For sufficiency. If C(|x|) ∈ c0(E), then

1
n

n

∑
k=1
|xk|

ϑ−→ 0 in E.

It means, there exists a sequence pn ↓ ϑ in E and for every n,

1
n

n

∑
k=1

xk ≤
1
n

n

∑
k=1
|xk| ≤ pn.

So x = (xn) ∈ c0(E). �

In the similar ways, we could prove the following theorem.

Theorem 4.
If x = (xn) ∈Ω(E) and Λ = {c, `∞}, x ∈ Λ(x) if and only if C(|x|) ∈ Λ(x).

3 Order Boundedness

The proof of the Cesàro operators C on Λ(E) order bounded, can be made to depend on the Riesz

space E is an order complete.

Theorem 5.
Let Λ(E) be a Riesz subspace of Ω(E) and C be a Cesàro operator on Λ(E), then:

(i) C ∈ L+
(

Λ(E)
)

(ii) C ∈ Lb
(

Λ(E)
)

Proof.
For Λ = c0. It is easy to verify (i) to proof point (ii). So, we just prove the point (ii). Since c0(E)

is an ideal of Ω(E), it follow that it is order-Cauchy complete.
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Furthermore, for any x ∈ c0(E), the Cesàro operator C on c0(E) is a sequence in E,

C(x) =

(
1
n

n

∑
k=1

xk

)
.

Since
1
n

n

∑
k=1

xk ≤
n

∑
k=1
|xk|

and for x ∈ c0(E)
n

∑
k=1
|xk| −→ 0,

we can define a sequence

(zn) =

(
1
n

n

∑
k=1
|xk|

)
with zn ≥ 0 for every n.

Define the operator T1 : c0(x)−→ c0(x) by

x 7−→ T1x =

(
n

∑
k=1
|xk|

)
n

Then T1 ∈ L+
(

c0(E)
)

and for every x ∈ c0(E)

C(x)≤ T1(x).

It means C ∈Lr
(

c0(E)
)

, that is the Cesàro operator C on c0(E) is a regular operator. Since c0(E)

is an order-Cauchy complete, it follow that C ∈ Lb
(

Λ(E)
)

.

For Λ = `∞, then `∞(E) is an ideal of Ω(E). If x ∈ `∞(E) is given, then Cesàro operator

C(|x|) =

(
1
n

n

∑
k=1
|xk|

)
∈ `∞(E).

Since for every x ∈ `∞(E)
1
n

n

∑
k=1
|xk| ≤

2
n

n

∑
k=1
|xk|,

and if we define the operator T2 : `∞(E)−→ `∞(E) by

T2 =

(
2
n

n

∑
k=1
|xk|

)∞

n=1

,

then T2 ∈ L+
(
`∞(E)

)
and for every x ∈ `∞(E)

C(x)≤ T2(x).

Since `∞(E) is an order-Cauchy complete, then C ∈ Lb
(
`∞(E)

)
. �
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vol. 26, no. 125–137, 1965.
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